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IRREDUCIBLE WEIGHT MODULES OVER WITT
ALGEBRAS WITH INFINITE DIMENSIONAL WEIGHT
SPACES
GENQIANG LIU AND KAIMING ZHAO
Abstract. Let d > 1 be an integer. In 1986, Shen defined a class
of weight modules Fα
b
(V ) over the Witt algebraWd for α ∈ C
d, b ∈
C, and an irreducible module V over the special linear Lie algebra
sld. In 1996, Eswara Rao determined the necessary and sufficient
conditions for these modules to be irreducible when V is finite
dimensional. In this note, we will determine the necessary and
sufficient conditions for all these modules Fα
b
(V ) to be irreducible
where V is not necessarily finite dimensional. Therefore we obtain
a lot of irreducible Wd-modules with infinite dimensional weight
spaces.
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1. Introduction
We denote by Z, Z+, N and C the sets of all integers, nonnegative
integers, positive integers and complex numbers, respectively. Let d >
1 be an integer.
Representation theory for infinite-dimensional Lie algebras has been
attracting extensive attentions of many mathematicians and physicists.
These Lie algebras include the Witt algebrasWd which is the derivation
algebra of the Laurent polynomial algebra Ad = C[x
±1
1 , x
±1
2 , · · · , x
±1
d ].
The algebraWd is a natural higher rank generalization of the Virasoro
algebra, which has many applications to different branches of mathe-
matics and physics (see [M, L1, L2, L3, L4, L5]) and at the same time
a much more complicated representation theory.
The weight representation theory of Witt algebras was recently stud-
ied by many experts; see [B, E1, E2, BMZ, GLZ, L3, L4, L5, MZ2, Z].
In 1986, Shen defined a class of modules F αb (V ) over the Witt algebra
Wd for α ∈ C
d, b ∈ C, and an irreducible module V over the special
linear Lie algebra sld, see [Sh], which were also given by Larsson in
1992, see [L3]. In 1996, Eswara Rao determined the necessary and
sufficient conditions for these modules to be irreducible when V is fi-
nite dimensional, see [E1]. A simplified proof was given in [GZ]. It is
natural to study the irreducibility of these modules F αb (V ) when V is
infinite dimensional. This is what the present paper will do. In this
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manner we obtain a lot of irreducible modules over the Witt algebra
Wd with infinite dimensional weight spaces.
We have to mention the remarkable work by Billig and Futorny [BF]
in which they proved very recently that irreducible modules for Wd
with finite-dimensional weight spaces fall in two classes: (1) modules
of the highest weight type and (2) irreducible modules from F αb (V ).
So the next task in representation theory of Witt algebras is to study
irreducible modules over the Witt algebraWd with infinite dimensional
weight spaces, and irreducible non-weight modules. This is the second
reason of this paper.
For irreducible weight modules (not necessary with finite dimen-
sional weight spaces) over Wd, all weight sets were explicitly deter-
mined in [MZ2], while some non-weight irreducible Wd-modules were
constructed in [TZ].
In this paper we actually prove that, for any infinite dimensional
irreducible sld-module V , any α ∈ C
d and b ∈ C, the Wd-module
F αb (V ) is always irreducible, see Theorem 2.4. We also determine the
necessary and sufficient conditions for two Wd-module F
α
b (V ) to be
isomorphic, see Theorem 2.6. The main trick we employed in our proof
is a characterization of finite dimensional irreducible modules over sld,
see Lemma 2.3, which makes the proof very short, and very different
from that for finite dimensional irreducible sld-module V , see [E1, GZ].
Note that F αb (V ) are polynomial modules in the sense of [BB, BZ].
2. Wd-modules from sld-modules
For a positive integer d > 1, Zd denotes the direct sum of d copies
of Z. For any a = (a1, · · · , ad)
T ∈ Zd+ and n = (n1, · · · , nd)
T ∈ Cd,
we denote na = na11 n
a2
2 · · ·n
ad
d , where T means taking transpose of the
matrix. Let gld be the Lie algebra of all d×d complex matrices, sld the
subalgebra of gld consisting of all traceless matrices. For 1 6 i, j 6 d
we use Eij to denote the matrix units.
2.1. Witt algebras Wd. We denote by Wd the derivation Lie algebra
of the Laurent polynomial algebra Ad = C[x
±1
1 , x
±1
2 , ..., x
±1
d ]. For i ∈
{1, 2, . . . , d}, set ∂i = xi
∂
∂xi
; and for any a = (a1, a2, · · · , ad)
T ∈ Zd
(considered as column vectors), set xa = xa11 x
a2
2 · · ·x
ad
d .
We fix the vector space Cd of d × 1 matrices. Denote the standard
basis by {e1, e2, ..., ed}. Let ( · | · ) be the standard symmetric bilinear
form such that (u|v) = uTv ∈ C. For u ∈ Cd and r ∈ Zd, we denote
D(u, r) = xr
∑d
i=1 ui∂i. Then we have
[D(u, r), D(v, s)] = D(w, r + s), u, v ∈ Cd, r, s ∈ Zd,
where w = (u|s)v − (v|r)u. Note that for any u, v, z, y ∈ Cd, both uvT
and xyT are d× d matrices, and
(uvT )(zyT ) = (v|z)uyT .
IRREDUCIBLE WITT MODULES 3
We know that H = span{∂1, ∂2, ..., ∂d} is the Cartan sunalgebra of Wd.
A weight Wd-module is a Wd-module V so that V = ⊕λ∈H∗Vλ where
Vλ = {v ∈ V : hv = λ(h)v ∀ h ∈ H}.
2.2. Defining Wd-modules. Let us first recall Shen’s Witt modules
from [Sh]. For any α ∈ Cd, b ∈ C and gld-module V on which the
identity matrix acts as the scalar b, let F αb (V ) = V ⊗Ad. For simplicity
we write v(n) = v ⊗ xn for any v ∈ V, n ∈ Zd. Then F αb (V ) becomes a
Wd-module if we define the following actions
(2.1) D(u, r)v(n) =
(
(u | n + α)v + (ruT )v
)
(n+ r),
where u ∈ Cd, v ∈ V , n, r ∈ Zd. It is easy to see that the module
F αb (V ) obtained from any V is always a weight module over Wd.
When V is finite dimensional, the following Theorem was given by
Eswara Rao, see [E2] or [GZ].
t Theorem 2.1. Let α ∈ Cd, b ∈ C, and V be a finite dimensional irre-
ducible module over gld on which the identity matrix acts as the scalar
b. Then F αb (V ) is a reducible Wd-module if and only if the highest
weight of V is the fundament weight ωk of gld and b = k, where k ∈ Z
with 1 6 k 6 d− 1.
2.3. Description of F αb (V ). The following useful lemma from linear
algebra is obvious.
l Lemma 2.2. For n = (n1, n2, ..., nd), u = (u1, u2, ..., ud) ∈ C
d, let
g(n, u) =
∑
a,b∈Zd
+
ca,bn
aub
be a polynomial in 2d variables ni, uj with coefficients ca,b ∈ End(V ).
Let V ∗ be a subspace of V . For v ∈ V , if g(n, u)v ∈ V ∗ for all n ∈
Zd, u ∈ Cd, then ca,bv ∈ V
∗ for any a, b ∈ Zd+.
Now we need the following characterization on finite dimensional
irreducible sld-modules.
l2 Lemma 2.3. Let V be an irreducible sld-module(not necessarily weight
module).
(1) For any i, j : 1 6 i 6= j 6 d, Eij acts injectively or locally
nilpotently on V .
(2) The module V is finite dimensional iff Eij acts locally nilpo-
tently on V for any i, j : 1 6 i 6= j 6 d.
Proof. (1). If Eij is not injective on V , then Eijv = 0 for some nonzero
vector v in V . It is known that adEij is locally nilpotent on the
universal enveloping algebra U(sld) of sld. This means that, for any
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X ∈ U(sld) we have (adEij)
kX = 0 for sufficiently large k. Then from
the identity
EkijXv = ((adEij)
kX)v = 0,
for sufficiently large k. Since V is irreducible, V = U(sld)v. Thus Eij
acts locally nilpotently on V .
(2). If V is finite dimensional, clearly Eij acts locally nilpotently on
V for any i, j : 1 6 i 6= j 6 d.
Now suppose that Eij acts locally nilpotently on V for any i, j : 1 6
i 6= j 6 d. By the condition that Eij acts locally nilpotently on V for
any i, j ∈ Z with 1 6 i < j 6 d and using Theorem 1 in [MZ1], we
see that V is a highest weight module. By the condition that Eij acts
locally nilpotently on V for any i, j ∈ Z with 1 6 j < i 6 d and using
the same Theorem, we can see that V is a lowest weight module. Thus
V is finite dimensional. 
Now we are ready to prove our main result in this paper.
Theorem 2.4. Let V be an infinite dimensional irreducible module
over gld on which the identity matrix acts as a scalar b ∈ C. Then
F αb (V ) is an irreducible module over Wd for any α ∈ C
d.
Proof. From Lemma 2.3 we know that the action Est on V is injective
for some s, t : 1 ≤ s 6= t ≤ d.
Suppose W is a nonzero Wd-submodule of F
α
b (V ). Next we will
show thatW = F αb (V ). Since F
α
b (V ) is a weight module overWd, then
W = ⊕n∈ZdMn⊗t
n, whereWn are subspaces of V . LetW
∗ =
⋂
n∈Zd Wn.
We will show that W ∗ is a nonzero gld-submodule of V .
Claim 1. W ∗ is nonzero.
Since W is nonzero, without loss of generality, we assume W0 6= 0.
Choose a nonzero vector v ∈ W0, fix some m ∈ Z
d. For any n ∈ Zd, u ∈
Cd, we have
D(u,m− n)D(u, n)v(0)
=
(
(u | α + n) + (m− n)uT
)(
(u | α) + nuT
)
v(m),
=
(
(u | α + n) +
∑
i,j
(mi − ni)ujEij
)(
(u | α) +
∑
k,l
nkulEkl
)
v(m),
=
(∑
i,j
∑
k,l
(mi − ni)ujnkulEijEkl + (u | α)
∑
i,j
(mi − ni)ujEij
+ (u | α+ n)
∑
k,l
nkulEkl + (u | α)(u | n+ α)
)
v(m)
=
(∑
i,j
∑
k,l
(mi − ni)ujnkulEijEkl +
∑
i,j
((u | α)mi + (u | n)ni)ujEij
+ (u | α)(u | n+ α)
)
v(m).
IRREDUCIBLE WITT MODULES 5
Set
g(n, u) =
∑
i,j
∑
k,l
(mi − ni)ujnkulEijEkl
+
∑
i,j
((u | α)mi + (u | n)ni)ujEij
+ (u | α)(u | n + α)
which is a polynomial in ni, uj, 1 6 i, j 6 d with coefficients in End(V ).
Then g(n, u)v ∈ Wm for any n ∈ Z
d, u ∈ Cd.
Since s 6= t, the coefficient of n2su
2
t in g(n, u) is −EstEst. By Lemma
2.2, we can deduce that EstEstv ∈ Wm for any m ∈ Z
d. Thus EstEstv ∈
W ∗. By the fact that the action Est on V is injective, we see that
W ∗ 6= 0. Claim 1 follows.
Claim 2. W ∗ is a gld-submodule of V .
By the definition of W ∗, we see that v(m − n) ∈ Wm−n ⊗ x
n−m for
any n,m ∈ Zd, v ∈ W ∗. For any n ∈ Zd+, u ∈ C
n we compute that
D(u, n)v(m− n)
=
(
(u | α +m− n) + nuT )v(m),
=((u | α +m)−
∑
i
uini +
∑
i,j
niujEij)v(m) ∈ Wm ⊗ x
m.
Considering the coefficient of niuj in the right hand of the last equality
and using Lemma 2.2 again, we know that Eijv ∈ Wm for all m ∈ Z
d
and i, j : 1 6 i, j 6 d. This implies that Eijv ∈ W
∗ for all v ∈ W ∗ and
i, j : 1 6 i, j 6 d. Therefore W ∗ is a gld-submodule of V .
By Claim 1 and Claim 2, we deduce that W ∗ = V . Therefore W =
F αb (V ), hence F
α
b (V ) is an irreducible module over Wd. 
Combining Theorem 2.4 and Theorem 2.1, we obtain the following:
Theorem 2.5. Let α ∈ Cd, b ∈ C, and V be an irreducible module over
gld on which the identity matrix acts as the scalar b. Then F
α
b (V ) is a
reducible module over Wd if and only if V is isomorphic to the finite
dimensional module whose highest weight is the fundament weight ωk
and b = k, where k ∈ Z with 1 6 k 6 d− 1.
Next we will give a concrete example of F αb (V ) for which V is infinite
dimensional.
Example. In [N], Nilsson constructed a class of irreducible non-weight
modules over sld. Explicitly, for 1 6 k 6 d−1, let hk = Ek,k−
1
d
d∑
i=1
Eii.
Then for each β ∈ C, the polynomial algebra C[h1, . . . , hd−1] is an
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irreducible sld-module under the action
hi · f(h1, . . . , hd−1) = hif(h1, . . . , hd−1),
Ei,d · f(h1, . . . , hd−1) = (β +
d−1∑
k=1
hk)(hi − β − 1)f(h1, . . . , hi − 1, . . . , hd−1),
Ed,j · f(h1, . . . , hd−1) = − f(h1, . . . , hj + 1, . . . , hd−1),
Ei,j · f(h1, . . . , hd−1) = (hi − β − 1)f(h1, . . . , hi − 1, . . . , hj + 1, . . . , hd−1),
where 1 6 i, j 6 d − 1. By Theorem 2.4, F αb (C[h1, . . . , hd−1]) is an
irreducible weight Wd-module with infinite dimensional weight spaces.
Finally, we can consider the isomorphism between two modules de-
scribed above.
Theorem 2.6. Let α, β ∈ Cd, b, b′ ∈ C, and V,W be two irreducible
sld-modules. Then the Wd-modules F
α
b (V ) and F
β
b′ (V
′) are isomorphic
if and only if b = b′, α− β ∈ Zd and V ∼= V ′ as sld-modules.
Proof. The sufficiency of the condition is clear. Now suppose that
ρ : F αb (V ) → F
β
b′ (V
′) a Wd-module isomorphism. Since isomorphic
modules have the same weight set, we have α + Zd = β + Zd, i.e.,
α − β ∈ Zd. Without loss of generality, we assume α = β. Then ρ
induces a linear isomorphism σ from V to V ′ such that
ρ(v(0)) = σ(v)(0), ∀ v ∈ V.
From ρ(D(u, n)v(0)) = D(u, n)ρ(v(0)), we see that
(2.2)
∑
i,j
niujσ(Eijv) =
∑
i,j
niujEijσ(v)
for all n ∈ Zd, u ∈ Cd. Comparing the coefficient of niuj on both sides
of the formula (2.2), we know that σ(Eijv) = Eijσ(v) for any v ∈ V
′
and 1 6 i, j 6 d. Therefore V ∼= V ′ as gld-modules. 
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